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A b s t r a c t

The localization of failure initiation in a simple tension test applied to the infinite
orthotropic disc with a circular hole is considered. The considerations are based on the Tsai and
Wu model. According to the author's supposition, the angular coordinate of the failure at the
hole boundary should depend on the form of the polynomial failure criterion. The computations
based on accessible handbook data for the elastic and strength properties of chosen typical
composite material have not confirmed the above supposition, giving evidence of surprising
insensitivity of to changes in both elastic and strength characteristics of the material.

O LOKALIZACJI ZNISZCZENIA NA BRZEGU OTWORU KO£OWEGO
W ROZCI¥GANEJ TARCZY ORTOTROPOWEJ
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S t r e s z c z e n i e

Rozwa¿ania nad zniszczeniem kompozytów oparto na kryterium Tsai i Wu. Zbadano
przydatno�æ testu prostego rozci¹gania dla nieskoñczonej tarczy z otworem ko³owym. Miejsce
zniszczenia na obwodzie tarczy wyznacza k¹t j0, który móg³by zale¿eæ od postaci funkcji wy-
tê¿enia F. Analizê przeprowadzono na podstawie danych literaturowych dla wybranego typo-
wego kompozytu zbrojonego jedn¹ rodzin¹ w³ókien. Otrzymane wyniki pozwalaj¹ wnioskowaæ,
¿e k¹t j0 zale¿y od w³a�ciwo�ci badanego kompozytu dla pewnej klasy materia³ów.
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Introduction

Tsai and Wu (CHAWLA1987) proposed a criterion of failure for orthotropic material
in a plane stress state, described by the function of the following form:
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where:
s1 � tensile and compressive stress along the fiber direction,
s2 � tensile and compressive stress across the fiber direction,
s6 � shear stress for in-plane shearing.

According to Tsai and Wu, the value of F12 the term has to be either evaluated
by means of a biaxial test (CHAWLA, KRISHAM 1987) or assumed in the following
form:

22111212 FFFF *= (2)

where the unknown *
12F  term satisfies the inequality .05.0 12 ££- *F

Biaxial tests are quite inconvenient experimentally, while the relation (3) has
no convincing theoretical foundations.

In the present paper a simple tension test for the orthotropic infinite disc with
a circular hole is proposed. The place of the failure at the boundary of the hole
can be described by its angular co-ordinate. As mentioned above, this angle may
depend on the failure surface in stress space. Numerical data for a chosen
composite (epoxy resin + kevlar fiber, reinforced with one family of fibers) were
based on the relation and experimental results given in �LEZIONA (1998).

Basic relations

Let us consider an orthotropic infinite elastic disc with a circular hole,
uniaxially stretched with stress s applied along the fiber direction, see Fig. 1.
Such a case was solved by LECHNICKI (1957) the circumferential stress at the
boundary of the hole can be, expressed as follows:
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where
g1 and g2 are dimensionless elastic constants defined by the following relations1,

1 Notation according to Blinowski and Ostrowska-Maciejewska (1995).
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where:
E11, E22 � Young moduli of the composite along and across the fibers,

Ej � Young modulus in the tangent direction at the boundary of the hole,
G12 � shear modulus for shearing parallel to the fibers,
n12 � corresponding Poisson ratio.

(For details of the calculations see Appendix I).

x2

x1
j0
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Fig. 1. A disc with a circular hole stretched along fibers

The ratio 
11E

Ej

 can be found from relation (LECHNICKI 1957):
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where
j � an angle co-ordinate calculated from the direction of fibers.

Substituting relation (5a) into (3) we obtain:
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Using a well-known transformation formula:
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and taking into account that radial srr and shear stresses srj should vanish at
the free boundary:
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the following expressions are obtained for stress field components in the
Cartesian co-ordinate system oriented along the axes of orthotropy:

( )

( )
( )

( )
( )

( )

2 2 4
1 2 1 2

1
4 2 2 2 2 2 2 4

1 2 1 2

4 2 2
1 2 1 2

2
4 2 2 2 2 2 2 4

1 2 1 2

3 3
1 2 1 2

6
4 2 2 2

1 2

cos sin 1 sin

sin sin cos cos

cos 1 sin cos

sin sin cos cos

cos sin 1 sin cos

sin sin c

σ γ γ ϕ ϕ γ γ ϕ
σ

ϕ γ γ ϕ ϕ γ γ ϕ

σ γ γ ϕ γ γ ϕ ϕ
σ

ϕ γ γ ϕ ϕ γ γ ϕ

σ γ γ ϕ ϕ γ γ ϕ ϕ
σ

ϕ γ γ ϕ

 − + + + =
+ + +

 − + + + =
+ + +

 − + + + =
+ + 2 2 2 4

1 2os cosϕ γ γ ϕ+

(9)

Substituting expressions (9) into (1), we obtain the following (rather awkward)
relation:
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Preliminary results and conclusions

The numerical value of the function ( )js ,F  at the boundary of a hole

depends on both angle j and the value of s. We look for such a value of s = s0,

for which at some angle j0 the limiting criterion ( ) 1, =F js  is attained. This point

can be obtained as an intersection of the curves ( ) 1, =F js  and 
( )

0
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(In Cartesian co-ordinates {s, j} at the minimum point the vector gradient is
normal to the j � axis).

Plots of the functions ( ) 1, =F js  and 
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0
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 for different values of

the term F12 are shown in Fig. 2. (values of Fi and Fij were fixed).

0.25 0.5 0.75 1 1.25 1.5

rad

s0

j0

2

1.5

1

0.5

M
P

a

Fig. 2. Plots of the functions ( ) 1, =F js  and ( )
0
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js  for different values of the F12 term.

Values of Fi and the rest of Fij were fixed
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The values taken for the F1, F2, F11, F22, F66 terms were based on
relations (CHAWLA, KRISHAM 1987)
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where:
C
22

C
11 X,,X, TT XX � longitudinal and transverse tensile and compressive

strength,
S � shear strength,

According to �LEZIONA (1998), the following values were assumed:

12581 =TX MPa, 2051 =CX MPa, 192 =TX MPa, 732 =CX MPa, 53=S MPa.

For the material under considerations (epoxy resin + kevlar fiber), expression
(2) can be substituted the term F12. Finally, the following data were obtained.

F1 = �0.004, F2 = 0.038, F11 = 0.0000038, F22 = 0.00072, F66 = 0.00035,
F12 = �0.000026 (for 5,012 -=*F ). For the values g1 and g2 we obtain:
g1 = 0.59 and g2 = 4.01, (see Appendix I).

The results of numerical experiments are presented in Tables 1�4. The
values of one parameter only were changed in every Table, while the remaining
ones stayed constant. Changes of s0 and j0 versus Fij are shown in Figs. 3�6
(Appendix II).
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Fig. 3. Relation between j0 (dashed curve) and s0 (solid curve) and the value of F11 the term
(compare Table 1)
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Fig. 4. Relation between j0 (dashed curve) and s0 (solid curve) and the value of F22 the term
(compare Table 2)
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Fig. 5. Relation between j0 (dashed curve) and s0 (solid curve) and the value of F66 the term
(compare Table 3)

It can be easily noticed that both the angle of localization j0 and critical
stress s0 are surprisingly insensitive to the changes in the terms F11, F22, F66,
F12. Knowledge on the localization of the minimum point for this class of
composites seems to be not very useful for the evaluation of the constants Fij
and particularly F12. Thus, it can be concluded that failure initiation for this class

of materials should always occur near the point 
30
p

j = . This conclusion
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remains valid independently on the value of elastic constants. Changes in the
values g1 and g2 have no practical impact on the angle j0 and stress s0.
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Appendix I

The elastic constants of the composite according to �LEZIONA (1998) can be
estimated as follows:
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where:
Ef1 � Young modulus of the fibers in the fiber direction,
Ef2 � Young modulus of the fibers across the fiber axis,
Em � Young modulus of the matrix,
Vf � volumetric part of fibers, Vf = 0.7 was assumed for the

material under considerations,
Vf = 1 � Vf � volumetric part of the matrix,

Gm � shear modulus of the matrix,
Gf12 � shear modulus for the shearing parallel to the fibers,
nf12 � Poisson ratio,
nm � Poisson ratio of the matrix.

The following numerical data were taken (�LEZIONA 1998): Ef1 = 130,
Ef2 = 130, Em = 3, Gm = 1, Gf12 = 50, nf12 = 0.3, nm = 0.35. Thus, E11 = 91.1,
E22 = 15.87, G12 = 5.37, n12 = 0.315.

Dimensionless elastic constants g1 and g2 according to relations (4) and (5)
are the following: g1 = 0.59 and g2 = 4.01.
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Appendix II

1elbaT

F 11 j0 s0

3100000.0 50089.0 634744.0

8100000.0 662089.0 63744.0

3200000.0 384089.0 482744.0

8200000.0 107089.0 702744.0

3300000.0 129089.0 131744.0

8300000.0 241189.0 550744.0

3400000.0 463189.0 879644.0

8400000.0 885189.0 109644.0

3500000.0 318189.0 428644.0

8500000.0 930289.0 747644.0

3600000.0 662289.0 76644.0

2elbaT

F 66 j0 s0

01000.0 196659.0 829364.0

51000.0 889069.0 385064.0

02000.0 735569.0 222754.0

52000.0 773079.0 758354.0

03000.0 755579.0 864054.0

53000.0 241189.0 550744.0

04000.0 512789.0 116344.0

54000.0 298399.0 921044.0

05000.0 43100.1 895634.0

55000.0 8900.1 600334.0

06000.0 66910.1 233924.0

3elbaT

F 22 j0 s0

74000.0 24489.0 898384.0

25000.0 985389.0 76574.0

75000.0 168289.0 419764.0

26000.0 912289.0 685064.0

76000.0 946189.0 446354.0

27000.0 241189.0 550744.0

77000.0 886089.0 787044.0

28000.0 972089.0 418434.0

78000.0 119979.0 311924.0

29000.0 775979.0 366324.0

79000.0 472979.0 444814.0

4elbaT

F 21 j0 s0

150000.0- 33679.0 665054.0

640000.0- 272779.0 368944.0

140000.0- 422879.0 61944.0

630000.0- 781979.0 854844.0

130000.0- 951089.0 657744.0

620000.0- 241189.0 550744.0

120000.0- 631289.0 353644.0

610000.0- 141389.0 356544.0

900000.0- 865489.0 276444.0

400000.0- 206589.0 179344.0

0 834689.0 114344.0


