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Abstract

An analytical description of the strength of singularity at the tip of an orthotropic
wedge embedded into an infinite two-dimensional elastic orthotropic body was considered.
The considerations were restricted to the wedges symmetrically oriented with respect to
the axes of orthotropy. Mixed boundary value conditions were assumed, continuity of both,
tractions and displacements at the interfaces were demanded. Only singularities of the type
r*, where A is a real number corresponding to finite elastic energy in the vicinity of the
wedge tip (0 <A < 1), were taken into considerations.

The order of singularity 4 changes with the wedge opening angle ¢. Relations 1 —¢
for different sets of elastic constants have been studied.

For the case of nearly isotropic materials, two modes of stress distribution with differ-
ent values of A: symmetric and skew-symmetric were found. The quantitative results
roughly repeated those obtained by the authors for isotropic materials where the symme-
tries of solutions were assumed in advance.
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Streszczenie

Rozwazano opis analityczny rzedu osobliwosSci w otoczeniu wierzchotka ortotropowego
klina zanurzonego w skonczonym dwuwymiarowym ortotropowym ciele sprezystym. Roz-
patrzono przypadek klina symetrycznego zorientowanego zgodnie z osiami ortotropii. Mie-
szane warunki brzegowe narzucaja cigglo$¢ naprezen i przemieszczen na plaszczyznach
podziatu. Ograniczono sie do rozwazan rzedu osobliwosci r*, odpowiadajacego skonczonej
wartosci energii sprezystej w otoczeniu wierzchotka klina (0 <1 < 1).

Rzad osobliwo$ci 4 zmienia si¢ ze zmiang kata rozwarcia klina. Zbadano przebiegi
zmiennosci A przy réznych kombinacjach statych sprezystych.

Dla przypadku prawie izotropowego wykryto dwa rozktady naprezen z réznymi warto-
Sciami A: symetryczne i antysymetryczne. Wyniki iloSciowe sg bliskie otrzymanym przez
autorow dla materiatéw izotropowych, gdzie symetria pél naprezen byta zalozona z gory.

Introduction

The problems of the application of the results of considerations of the
singularities at the tips of notches, wedges and cracks in computations, as
well as their theoretical importance, have been discussed by numerous au-
thors (Nowacki 1970), (SEWERYN 1997). Thus this matter will not be discussed
in the present paper.

ATKINSON (1997), BLaNcO, MARINEZ-EsaNoLA and ATKINSON (1998) and WIL-
LIAMS (1952) describe the problems related to stress singularities in the the-
ory of elasticity. Particularly, the elastic stress field near the tip of a sharp
angular notch is singular with singularity weaker than that of a crack, that

. . . 1 .
is, the stresses behave like g=r, with 0<A <§, where r is measured

from the notch tip. In isotropic materials, the stress exponent A depends
only on the notch angle; see for example, WiLLiAMS (1952), ATKINSON et al.
(1988). However, in the case of anisotropic materials, the severity of stress
singularity is also dependent upon the properties of the material. For exam-
ple, Bocy (1968), HEINZELMANN et al. (1994) and BusH et al (1994) have develo-
ped asymptotic methods for angular notches in orthotropic materials, which
show a dependence on elastic constants. SEWERYN and MoLsk1 (1996) conside-
red elastic stress singularities and generalised stress intensity factors for
angular corners under various boundary conditions. BLiNowskl and RoGACZEW-
SKI (2000) have confined their attention to the cases when the axis of sym-
metry of the infinite notch coincides with the axis of orthotropy. BLINOWSKI
and WIEROMIEJ (2004) considered the case of mixed boundary conditions for
the stress field at the tip of an isotropic wedge embedded in an isotropic
medium.

In this paper we shall consider a general case of an orthotropic wedge
embedded in an orthotropic medium. In the foregoing sections we shall brie-
fly sketch the way leading to analytic self-similar solutions in polar co-ordi-
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nates. We shall also show how to choose the solutions which fulfill the im-
posed boundary value conditions at contact planes.

In the present Part One we shall confine our attention to the cases
when the axis of symmetry of an infinite wedge coincides with the axes of
orthotropy in both materials.

We shall take into consideration only the singularities giving rise to
finite elastic energy in the vicinity of a sharp corner, i.e. we shall discuss

only the values of 1 from the interval H),%B For the time being we shall
0O 20

disregard also possible complex values of A generating oscillatory solutions
of the frequency growing to infinity in the vicinity of the tip.

All these problems, however, can be important for practical computa-
tions, particularly if a small plastic zone is expected around the tip. Never-
theless, we shall postpone all the considerations on these topics to the fore-
going second part of the present paper.

Basic relations

An analytic description of the strength of singularity will be based on
the concept proposed by Brmwowski and OsTRowsKA-MACIEJEWSKA (1995), who
used a displacement function, helpful in the case of kinematical and mixed
boundary value conditions.

Thus we introduce a function G(xl,x2) such that the displacement fields

uq (xl,x2), Ug (x1x2) in the Cartesian co-ordinates {xl,x2} associated with
the axes of orthotropy can be expressed as follows:

_ 1 H1 Yi+vs-2v5 , H
u, = Goo+ G
! \/E1E2 By1y2 - 2y1Y2 H Elz

1 vi+vs-2vi ., H 1)
Uy =——— Yo G i +2A—2 3@
2 \/@ 17211 2)/1)/2 ,22 Hl

>

where the comma denotes a partial derivative with respect to the Cartesian
co-ordinates mentioned above.

E;,E; - denote Young moduli,

Y1,-Y9,Y3 — dimensionless elastic constants, fulfilling the following rela-

tions:
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E g] E
2,2 - ™M 2 _ 1 _ 2 _ ™
yiys =—=, yZ+ys =2 v E ysE =—.
172 Ez 1 2 U 12 3 2U

where v, is a Poisson ratio,
u denote a shear modulus.

In the case of isotropic materials we have y; =Yy =1, y§ =1+v.

The displacement function G(xl,xQ) and the Airy stress function
q)(xl’xz) are related to each other with the following relation:

qD(xl,xz):G(xl,xz)’m (2)

Both functions G(xl,x2) and cb(xl’xZ) in the Cartesian co-ordinates

{xl,xQ}, fulfill the following differential equation:

D 9999 * (V12 + V§)®,1122 +YEVEP 1191 =0, 3)

(compare (2.9) in (5)). This equation can be rewritten in the following form:

4 +iyli Y _iyli Y +iyzi Y _%i (e1,25)=0, ()
o 0x X 0x xo Ox, X 0xq

Thus, obviously any differentiable function of any of the following complex
variables:

&) =xq HiYyxg, §1 =Xy ~lYXg, §g =X FiYoXy, {9 =Xy ~1YgXg ®)

satisfies Eq. (3)
For the case under consideration we can look for the following real

displacement function G(xl,xz):

Gy, xp)= CLERA +C1E; " +CoE8) +Ca8y ", ®)
where:
C,=A, +iB;,
C1=A4, -iBy,
Cy = A, +iB,,

C2=A,-iB,
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and A;,A,,B;,By are arbitrary real numbers.

For the Airy stress function one obtains readily:

2 — _o9_ — _9_
Ofeyxy)= =il Afe-NFu et -ud Bttt -8 [ )

0x, 0xq

The stress fields can be expressed as follows:

gy = =_i(4_,\)(3_/\)(2—/\)(1—/\)§/13 @'Jlfl—/\ _61§;A @V% @252_/\ —623;‘ % (8)
gy =Py, :i(4_,\)(3_}\)(2—}\)(1—}\)§y1§(‘1€1—/\ —6131_}\ @.;Vz%%tg_/\ —623;}‘ % 9)

0120 1o =413~ M- e + 08 Bl + 08 [ o

In the polar co-ordinate system {r,¢} associated with the observer fra-

me axes, we can write the following expressions for the stress values at
radial planes:

0,, =07 cos? (p ~i)+ 20,5 sin(p ~ )cos(p ~)+ gy sin(p - )
Opp =01y sin2 (p ~@) =20, sin(p ~@)cos(p ~w)+ 04y cos? (¢ ~y)

(11)
Org = (025 =011 sin( ~@)cos($ ~w)+ 015 ]c0s? (¢ ~w)-sin?(p “»U)]
where ¢ is an angular co-ordinate, constant along the chosen plane,
1 denote the angle between the axis of the material orthotropy and the
axis of the observer frame (Compare Fig. 1).
Substituting relations (8), (9) and (10) into (11) one obtains the following
expressions for radial, angular and tangent stresses:

Gy [sin(p -¢)=iv, coslp -9 )F Cr677 - B
O . . _ . R~ =
T O s B A R
Er*iyz[sin@ﬁ —ip)-iyy cos(p @) Coés? -0a2)

F-iyy[sin(p —w)+ivy coslp ~w)PC2gy" H
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Y2
X X1

Y1

Fig. 1. General scheme of the material orientation:
{xl’ xz} — material co-ordinates associated with the orthotropy axes,
{yl s y2} —observer Cartesian frame

%yl[cos ¢ -w)+iy, sin(¢ _W)]zclfl_A -

(e-n)a-e-n)a-n)f il -)-ivysino -yl ere”
i feoslp-0)+iv,smp-wlPC,ir 0 a9

B'Wz[COS‘P (/J lyzsin(¢_‘/})]2azg; E

O
0
O
0
O%¢ =

behinbvkn g

% (cos (¢ -w)-sin2(p —Lll)) H E

= gyl((1+V(1)sm§¢ w)zos(¢ ))w) m@;ﬂg
g =l-N -y L@ lentenel B

Eﬂ_%y (1+y2)s1n(¢ l,U)cos(¢ l,ll) T E

0 F2kos2@-w)-sin2@p-y)) H>? g

) Gy, 12 sin (6 - )os(p ~)-2 5

o0 2 2 @23;\ 0

3 B2los?( -w)-sin2(p-¢)) F E
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where variables 51,3 1,52,5 5 assume the following values:

& 6.w.v1)=rleos(® ~g)+ iy, sin(p -w)]
& 0.w.v1)=rleos(® ~w)-iy, sin(@ -w)]
&(.w.ys)=rlcos(p —w) +iyysin(p -y)] (15)
& b.w.y5)=rleos(® -w) iy, sin(p -w)]

Powers 4-A of the complex variables at expressions for the function
G (xl,x2) generate singularity r~ in the stress fields.

Substituting the expressions like

&1 = (4, +iB, Re&l +ilm&l A )= (4, Re&I A - B, Im&1 A )+

+ i(Al ImEll_A +B, Refil_A ) (16)
into (13) and making use of the relation:
iva[eos@ ) +ivy sing -9 Py =L 0y am
one obtains:
~2(a-)3-2)e- 1)) o w5, Re(f g
Top = 2 [4,1 ( 2) ] (18)
@*Vz 2 {3 +BzRef @
Substituting expressions (16) into (14) and making use of the relation:
{iy1 (1+y1 )sin(¢ L/J)cos(¢ -y +y12 |_cos ) sin? ¢ (/J _I}le‘
—lyl[COS ¢ Lll)+zy1 sin ¢ L/J ][sm ¢ L/J —1y, cos ¢ L/J ]le
_ [y1 cos(p —)+iy, sin(g “/J)] 1- (19)
- r lel
one can obtain:
O, [y Relff Jeos(p ~) -y, 1mfe] inp -w)]- O
L _2a-2)p-A)e-2)a-A Ewel[y2 Im( *)eos(s ) +y1 Refg1 sm(¢-¢)]+%
ré r o+ A, [y2 Re( &3 A)cos ~Ys Im(f ) in(¢ _QU)]_D (20)
r Bolyg inle3 eos(p )+ vy Relgd g o)
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Using relations (1), one can write the Cartesian expressions for displa-
cement fields in the following form:

_(4-)B-HE2-A)
VEE,

2 4y2_9y2 — _1- 2 _y2 _9y2 — -1- 21
xwl@c&m & @*ﬁ*;z—ysiﬁgQ%-A G (21)
S| Yo Y1

U

_ “@-MHEB-N)2-A) «

"2 \/ElEZ

B vi-vi-2y3 ~ Z1-A -Vi *vs —2y3 = £1-)
oy —BC I +Cag H~y —EC E1A 1098
a 1 2)/2 151 2 2 2V1 252 2

Displacement fields in the polar co-ordinates (r,@) can be expressed in
Cartesian terms as follows.

U, =uqcost+uysind

Ug = —uq sinf +uy cosb (22)

Substituting expressions (22) into (21) and using the relation (16) one
can write expressions for displacements in the polar co-ordinates as follows:

__(4-)B-M)2-))
VEE,

r

0 Ohy2+y2-2y2 tovs-2v3 B O
A, G275 1 g1 cos(p — ) +yy 12" F5 Regl-Asin(p -y O
0 E Vs 1 Yo 1 @ O
C 0
O  O-y2+y2-2y2 t-v3-2v3 o B
B R el o)y T e il -w o
9 2
0 0
O T3 2v5 TVERVE 2R L o1 g2 @3
gAzglil M sy U R sinp )
0 0
2 _y2 _9y2 2+y2-2y2
D Sy2-2y i ~y2 +y2 -2y e 0o
By T2 Regtoh coslp-g)- v, 275 il A sin(p )0
o 0
0 E yl y1 E D
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_(4-)E-HE2-))

[

VEE,
O D_y2+y2 _2y2 y2_y2 _2y2 o o
%Al E}—l y2 3 Im.f%_)‘ sin(¢ _l»U)_V1 4 -2 73 ; 4 Refll_A COS(¢ _‘»UE"' B
2 2 22 2 2 22 2 0 A
O tys -2 -y5 -2 O
%&BI W}{ef}"‘ sin(p -@)+y, ylyj—yﬁmfllﬂ cos(p —w)g B

2 9
O
O %52—)/2—2)/2 L -yZ+y2-2y2 i} 0 0O24)
D+A2§ 1 j 3 Imle A s1n(¢ —lp)—yz%ReE% A cos(¢ —lﬂ)gg
O 1 1 O
O O
2 _\,2 2 2 .,,2 2

-y =2y . —Yi +ys -2y _ 0
%BQMRe% A s1n(¢ —L[/)+ y2MImE% A cos(¢ —ll/)D B
O = 1 Y1 B0

Formulation of the boundary value problem

As already mentioned, in the present paper we shall focus our attention
on the mixed boundary value problem assuming continuity of displacement
field, as well as the normal and tangential stresses at interfaces of an or-
thotropic wedge embedded in an orthotropic medium. We shall consider ca-
ses when the axis of symmetry of an infinite wedge coincides with the axes
of orthotropy. All quantities in the domain of the first material will be noted
with the Roman number one (I), while for the other material the Roman
number two (II) will be used (Fig. 2).

A complete set of boundary value conditions must be taken as follows:

ul -yl =0

i ~%erm = OH ) o )

I 11 O — displacement continuity for I-II interface

u -u =0
o111 ~%1.11 ~YH

0£¢1,H - 0:11;{1:[,[1 =0

I I — traction continuity for I-IT interface (25)
Orgr.11 ~9rgr.1 =O0H

1 Y § -

Uppr.g ~Urprg =0 H

S OD — displacement continuity for II-I interface
o11,1 ~%g11.1 ~YH
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Y2
interface I-11
material I
material II /
\IPZ
,"';\ Py
\ V.,
‘ (pl, I
i I - S \ 3 o
1\ (pII I

interface II-1I

Fig. 2. Orientation of the orthotropic wedge embedded in the orthotropic medium with

respect to the observer frame axes {yl,yQ}

I
g =0
II,1 - I, -~
ool M E — traction continuity for II-I interface

I
Orpmr,1 ~ r¢H =0 E

Conditions (25) and relations (18), (20), (25) generate the following ho-
mogenous system of eight equations for determination of the unknown mul-
tipliers Af, B], AL, BI, All BIl All| BII.

Ax=0 (26)



On the singularities at the tips of orthotropic wedges... (Part one) 117

Regarding the terms of the matrix A — see Appendix.

For numerical calculations, the values of Young moduli and y; constants
were assumed to be known for both materials, the remaining material con-
stants were calculated as follows:

El
E
Yy =2 @7
"1
2 +y2
y3 :\/y1y2k +M (28)

where 0<k<1 is a material constantl. Its value must be independently
assumed.

Values of 1 are to be determined from the condition

detA =0 (29)

The calculated numeric values of 1 can be then substituted into appro-
priate expressions for the components of the matrix A, and their numeric
values, corresponding to subsequent values of A, can be calculated. Using
a standard procedure for determining eigenvectors of the matrix A corre-
sponding to null eigenvalues, one can find components of normalised vec-
tors x representing the sets of unknown multipliers

1 1 1 1 I pli I plI
Al BI AL BI All B All BI.

Preliminary results and conclusions

Plots showing the change of the order of singularity A versus the wedge
opening angle ¢, for both symmetric and skew-symmetric cases and for dif-
ferent values of the elastic constants are shown in Figs. 4-8.

In Figs. 4 and 5 one can see the case of nearly isotropic materials. The
results are quite similar to those obtained by the BriNowskl and WIEREMIEJS
(2004) for the isotropic case (cf. Fig. 3.) Let us note, however, that in the
present case the symmetry and skew symmetry of stress fields were obta-
ined as a result of the imposed general boundary conditions, while in (BLI-
NowsKl, WIEROMIEJ 2004) the symmetries were assumed in advance.

It is not difficult to notice that: if V3 >0 then y12+y§s2ygs(yz+y2)2, thus

2y2 =y} -y2 +k2y2y2
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order of singularity y

s 2
wedge opening angle ¢

Fig. 3. Isotropic materials, the order of singularity A versus the opening angle ¢ (symmetric

case) for EX =1, EII =10 (solid curve) and for E! =1, EIl =100 (dashed curve)

1

equal Poisson ratio for both materials Vi =Vg = Z

0.2

order of singularity y

o
=

0 05 1 15 2 25 3¢
wedge opening angle ¢

Fig. 4. Order of singularity versus the opening angle ¢ (symmetric mode):

solid curve: for the Young moduli of the first material Ell =0.11, Eé =0.09 and

E1H =11, Eél =9, for the other material.

dashed curve: Ell =0.11, Eé =0.09 for the first and EIH =1.1, E2H =0.9 for the

other material, dimensionless constants: Yi = V1H =12, pI =}l =05
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A
0.5

S I N
o [ IS

order of singularity y

e
=

0 05 1 15 2 25 3¢
wedge opening angle ¢

Fig. 5. Order of singularity 1 versus the opening angle ¢ for the skew-symmetric mode and
the same materials as in Fig. 4

S =4 N
o [ ~
!

order of singularity y

e
=

0 0.5 1 1.5 2 2.5 39
wedge opening angle ¢

Fig. 6. Order of singularity 4 versus the opening angle ¢ for Ell =100, EZI =1 and

E1H =1, E2H =100 (solid and dashed line for both symmetric modes): Vi = y1H =1.2

and kI =pI =05

Quite an interesting case is shown in Figs. 6-8, where the wedge is

T
made of the same material as the matrix merely rotated by 9 One can
see two symmetric results and one skew-symmetric one for the ratio of
Young moduli E;/E, equal to 100. For a lower ratio E,/E, =10 only

symmetric solutions can be observed.
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A

o
w

S
o

order of singularity y

e
i

0 0.5 1 1.5 2 2.5 39
wedge opening angle ¢

Fig. 7. The same situation as in Fig 6 for lower moduli EII =10, Eé =1 and

EIl =1, El =10 .yl =yl =12  pl =l =05

o
19

e o <o
o w B

order of singularity y

e
=

0 0.5 1 1.5 2 2.5 39
wedge opening angle ¢

Fig. 8. Order of singularity A versus the opening angle ¢, the skew-symmetric mode for the
same materials as in Fig. 6

The last statement does not remain valid for different values of dimen-

sionless constantans, e.g. taking yll :le =0.5, kI =kl =(0.1 one obtains

skew-symmetric solutions both for E;/E, =10 and E,/E, =100 .

Thus, one can see that the method applied by the authors to simple
cases of the problem yields reasonable and expected results compatible with
the earlier results for the isotropic case. Some results are qualitatively new,
e.g. the presence in multiple symmetric solutions.
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More detailed studies of the subject, including the investigations of the
cases of arbitrary symmetry, need some refinements in the formulation of
boundary conditions and will be postponed to Part Two of the present paper.
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Appendix

For reference, we shall expose here explicit expressions for the compo-
nents of the matrix A. For the sake of brevity we shall subdivide the matrix
into four square submatrices, as follows:

Ao AL [A20
A=05 pal
0

For the submatrix A! one can write:

g ad
_B—(y{)z+(;é)2—2(y§)2 Ir(¢I’H —wf,l—)\,y{)cos(q%” —w )+y1 (VI)Z ( 22 (y )er(¢z I _ylq-) y1)5m(¢1 I _y )E(El
g d
0

Ay, =-0 (yl)2 (VI)Z ( if (¢IU —yli-2 yl)cos(¢1 _y ) (Vl)z (VI)Z ( if (¢111 gl 1-)y! )sm(¢1 1 _y EEI’
g

i

I:H:I]J:
‘<

Ay =-
14
vi

Do@pO

y{)z—(yé)z—2(y3)2Rr(¢”,_w,1 }\y)cos(d)IU—wI) (V1)2 (Vz)2 ( )21,.(¢111_w11 }\y Sm¢111_¢, )S(
0

%

A21:g—(y{)z+();é)2—2(y3)2b(¢”1_Lp[1 Ay)sm(quH—(,U) (V1)2 (V2)2 ( )ZRr(thH_wll Ay)cos(¢lll_¢, )@El
A22=§ (V{)Z“L( )2 2(}/3)2 (¢1H ~pT -yl )Sm(¢111_¢,1) (Vl)z (}’2)2 (Vs)2 (¢III ~pl1-Ayt )COS(¢IH_¢] )@/El

I)2 (VI)Z ( )2 Ir(¢I’H —wl,l—)\,yg)cos(d)l’n —llll)ﬂ/é _(yll)z +(yé])2 —2(y§)2 Rr(¢I’H —llll,l—/\,yé)sin(d)l’n _w[)é/E[,
0

441

DYSMO.ISO)-[21U0L21p\ DIPUDSYI]Y “1ysmoun)g [ozupuy
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The elements of the remaining submatrices can be obtained easily by
the following modifications of the matrix Al:

¢ For the matrix A2 the variables E? l,UI R y{ R yé should be replaced with g 11
i, y1H , yél and the signs of all terms should be changed,

* The matrix A3 can be obtained from Al by replacing the variable ¢-/I with

¢ILI 1257,

* For A% one should replace the variable ¢/-II with ¢II.I in A2.



