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Abstract

Results of investigations on the influence of an electric field on fracture of a deform-
able dielectric are presented in the paper. Basing on the Toupin’s model of electro-elastic
interactions, modified by the author, a fracture criterion has been formulated, the behav-
iour of electro-elastic fields in the vicinity of the crack tip has been analysed and a gener-
alization of the Irwin criterion in the case of electro-elastic fields has been derived.
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Streszczenie

Przedstawiono wyniki badan teoretycznych nad wplywem pola elektrycznego na peka-
nie dielektrykow odsztatcalnych. Opierajac si¢ na modelu odziatywan elektro-sprezystych
Toupina, zmodyfikowanym przez autorke, sformulowano kryterium pekania, podano wyni-
ki analizy zachowania si¢ pol elektro-sprezystych w otoczeniu naroza szczeliny oraz uogél-
niono kryterium Irwina na przypadek pdl elektro-sprezystych.
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Introduction

The fact that an electric field generates strains in a dielectric material
has been known for a long time. If the dielectric can deform without restra-
ints, there are no stresses inside the material. However if there are some
constraints, this phenomenon causes the generation of stresses. A magnitu-
de of the stresses generated by an electric field depends on the properties of
the material and on the field intensity.

For years the stresses generated by an electric field in elastic materials
were not taken into account, because there was no good theoretical descrip-
tion of the media. The first theory of electromagnetic interactions with the
elastic media was formulated in the late fifties of 20th century (CHADWICK
1956, TouriN 1956). Then a significant progress took place in this field.

Although it was known from experiments that a strong electric field
generates significant stresses in some materials, the influence of an electro-
magnetic field on fracture was not taken into account before 1975. In six
papers were published in this field, four by KurLaNDzZKA (1975) and two by
Kubpriavcev, PARTON, RAKITIN (1975). In the next years an interest in this field
increased. Apart from the papers by Polish and Russian authors, papers by
Japanese and American authors appeared. Due to the development of new
technologies, particularly in control systems, the interest in this field still
increases.

Some results of theoretical investigations by the author on electromagne-
tic fracture are presented in the paper. Here only a static theory, concerning
the influence of an electric field on crack propagation, will be presented for
a simplified model. Detailed considerations concerning a full nonlinear pro-
blem can be found in KUrRLANDzZKA (1998). Results concerning a vacuum and
a perfectly conducting crack form a full theory. The problem of acrack of
finite conductivity is not closed, and investigations will be continued.

Generalized Griffith criterion for
the elastic dielectric

A crucial point of each fracture theory is the formulation of a fracture
criterion. In a pure mechanical case there are various criteria, including
energetic criteria based on an energy balance of a body containing a crack.
It seems that in the case of electro-elastic interactions only an energetic
approach to fracture is a proper one. It results from the fact that the crack
propagates not only due to the stresses caused by strains of the material,
but also due to the electric stresses and energy of an electric field. In the
considerations presented here a basis for the formulation of the fracture
criterion is the Griffith's statement, according to which some energy is re-
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quired to create a new surface of the crack. In the present paper the ener-
gy which can be used for the creation of a new crack surface is called a frac-
ture energy.

To formulate the criterion one has to refer to a consistent and full
theory of elastic dielectrics. The model used here has been developed by
ToupiN (1956). The version used here was modified to be more suitable in
applications to investigations of the influence of a strong electric field on
fracture KURLANDZKA (1998).

The model of the dielectric consists of the following system of coupled
equations
1) equilibrium equations:
( Lo, 1,1 -0
Uk +tk +Tk )l+ﬁ‘k_0 in Vd (1)
2) equation for the electrostatic field in a dielectric

D;=0 inV,, D!=dl-¢kg, 2)

3) equation for the electrostatic field in a vacuum or in a conductor of a finite
conductivity

eo(p;kk +q=0 in V,, (/v);kk =0in V, 3)

Here V4, V, V, denote the domains occupied by the dielectric, a vacu-
um and a conductor of a finite conductivity. o, t, T are mechanical, electro-
elastic and electric parts of the stress tensor respectively, pf is mass force,
p is mass density, ¢, @ are electric potentials in the dielectric and in the
outside domain, d is dielectric displacement generated by strains, ¢,e, are
dielectric permittivity of the dielectric and a vacuum, g is electric charge

density. The electric field intensity is E; = ;.

The above system of equations is supplemented by constitutive rela-
tions, which by assumption of small strains are of the form

l OZ(eij) ¢ I _ an(eiJ"Em) dl _pan(eij’Em)

g, = , =p—L "2 dl=p—L 72
BP0k, TP T e, 3E, @
1

. . . . 1
where X is elastic energy which depends on the strains e :E(uk;l +ul;k)’

u is the displacement vector, h is energy of coupling of a mechanical and
electric field being a function of the strains and the electric intensity
E, =-¢@

k k-
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With the equilibrium equations the stress boundary conditions on the
boundary of the dielectric are connected

(le +tkl +Tkl}1k :fklnk +Tlon S, ®)
where S; is a boundary of the dielectric, n is a unit vector normal and

external to the domain of the dielectric. fkl denotes electric stress in the

outside domain, T is a surface mechanical load.

The electric boundary conditions depend on the electric properties of
the media outside the dielectric. They have the form:

1) on the common boundary of the dielectric and vacuum

(dk ‘Skl(";l}lk =egunt, @=¢ M
2) on the boundary of the dielectric with a perfect conductor
»=0 ®)
3) on the boundary of the dielectric and a conductor of conductivity o
40 = 457 @knk = 0

Let us consider an element of a dielectric of volume V; bounded by
a surface S; and containing a segment of a crack of a surface S,. A plane
problem is considered here.

Va

Sa

Fig. 1. Element of a dielectric containing a crack segment

The internal energy of the considered element of a dielectric is a sum
of elastic energy, the energy of electro-elastic coupling and electrostatic
energy
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1.
i §p2+pn)+§glk(p;ik Eiv.
Va

If the surface of the crack increases, then a certain energy equal to
a difference of a change of work of an external load and of a change of the
internal energy due to the crack increment is used for the creation of a new
surface 0l.

The state of the dielectric is described by displacements u of the partic-
les of the dielectric and the electrostatic potential ¢. Variations of these
quantities due to 6/ are

ouk :Ma, 5(/;:%&_
ol ol
Change of the work of external forces is equal to the work of the stres-
ses on the displacement variations, and of the surface electric charge on the
electrostatic potential variation on the surface of the dielectric S;, on the
crack surface S, and of the mass forces on the displacement variations in
the volume of the dielectric V,

W = [ |0y +14y +Ty it +qoplds + [{eynlout +adplis+ [ pfdutdo.
Sa Se Va
Denoting by OI' the variation of the fracture energy due to the crack
increment dl, the fracture criterion can be written in the form

a-=f (0, + 40 + 13 't + q dglas + _[(Tvkznl&ik +qaplis + [ Pfpdutdv
Sq Se Va

1 .
—5‘72 Eloz+pn +§£‘kq0;iq0k %iv.

Taking into account equations (1)—(7), the fact that the integrands can
be singular, applying the Green-Gauss theorem and assuming that the in-
crement of the crack is along the axis x1 the energy G, which is supplied by
the external generalized load and can be used for the creation of a new
crack surface, is given by the formula:

= ey o+ 0, oo
3

. 9)
- 50(2 +’7)_%£Lk¢;i(p;k éﬁ }ds
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Here S‘S is a cylindrical surface of radius £ surrounding the crack edge.

The right side of the expression determines the energy which is sup-
plied to the dielectric by external load and can be used for the creation of
the unit crack length.

The generalized Griffith criterion can be now formulated as follows:

If

_%limf -0 s‘I'{[(Ukl + ¢kl + Tkl )‘k;l + (dl ‘Skl@k)’/’;l}’l
€

. (10)
-3 (Z+n)-1£"€¢zi¢;kD \Jds=y
i 2 i

where y is a material parameter called surface energy, then the crack is in a
critical state and even a very small increment of the energy determined by
a limit value of the integral on the left side of equality (10) can cause a rapid
growth in its length.

The above criterion is a generalization of the Griffith criterion in the
case of coupled electro-elastic fields. The integral form of the criterion is
not convenient in practical applications. It can be simplified, if the behavio-
ur of the functions present in the integrand in a vicinity of the crack tip is
known. To this aim a local solution of the problem for a dielectric conta-
ining a crack should be developed.

Behaviour of electro-elastic fields in the vicinity
of the crack tip

Criterion (10) was derived for a general case of non- isotropic dielec-
trics. Now attention will be restricted to isotropic materials. Assuming small
strains and an electric field of high intensity, constitutive relations (4) for
an isotropic dielectric can take the form

0y =M m! +“(uk;l ”‘l;k)’ ' =030,'0,,0" + a5

1
D, =g, r,l= SE‘/’;/@‘P;Z ‘55kl‘/’;m‘l’;m @ (11)

where 4, u, a,, as are material constants. In this case the electric field is
determined as in a rigid body. The stresses t and 7 are nonlinear with
respect to the electric field and play the role of an external load in the
equilibrium equations and in the corresponding boundary conditions. In fur-
ther considerations it is assumed that the dielectric is under the influence
of an external electric field and no mechanical load is taken into account.
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The construction of the solution of the problem consists of three stages

1) construction of the solution for an electric field,

2) determination of the electric stresses t, 7 appearing in the equilibrium
equations and the corresponding boundary conditions,

3) construction of the solution describing the displacements generated by the
electric field.

The procedure of construction of the solution will be not discussed here
in detail. Attention will be restricted to some main problems and the final
results will be given.

Let us introduce the polar system of coordinates connected with the
Cartesian system by means of the relations

1 2 —

x!t =rcosa, x4 =rsina

A 2

v

Fig. 2. Polar coordinates

Let us consider the neighbourhood of the crack tip V|, :r <r,,0<a <2m.

The domain is bounded by a surface S;:r=r,, 0<a <2m and by a segment

go
of the crack surface S,: r<r,, a= % .
T

The formulation of a boundary value problem requires to define a crack
in a dielectric. In the mechanical case the crack is a cut in material and its
surface is free from stresses. In the case of an electric field the electric
properties of media contained inside the crack are important. It is reasona-
ble to assume that the crack is filled with air, which for a wide range of
electric intensities behaves like a vacuum. However, if the electric intensity
achieves a ionization value, which for air is about 2-3x10% V/cm, the gas
inside the crack behaves like a perfect conductor. Between these two limit
cases the crack behaves like a conductor of a finite conductivity. Hence,
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three cases of cracks are discussed here, i.e. a vacuum crack, a perfectly
conducting crack and a crack of finite conductivity. In the case of the vacu-
um crack and the crack of finite conductivity, the electric field inside the
crack is a solution of (3), which in the case considered, when there is no

electric charge inside the crack, reduces to the equation (pkk =0. Hence, we
define here the crack as a limit case of a wedge of an angle 20 when 6 - 0. If

the electric potentials for the wedge are denoted ¢°, the electric intensity for

a dielectric with a crack will be given as a limit E =-limys_ grad® .

A
2
X

20

Fig. 3. Wedge modeling a crack segment

The aim is to develop a local solution describing the electric field E, the
electric stresses t, 7 in the domain of a dielectric and on the crack surface,
and the displacements u and the mechanical stresses o generated by the
electric field in a dielectric.

The local solution of the problem has the form of functions which satisfy:
1) the equations in the domain of a dielectric and in the case of an electric field

in the domain of the wedge,
2) the corresponding boundary conditions on the crack surface
3) the energy existence condition at the crack tip equivalent to the equalities

limg 0§lm5 OQT}_(S} afg %a‘”égﬂdrdm” 0 §+%"a"’ gﬂ»drda%

2mé
hmf OII[U i, *T, ) (Gm+tm+Tm)em+(0‘m+taa+Taa)eaa]rdrda:O,

where @5 denotes the electric potential inside the wedge,
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4) contain such a number of arbitrary constants, which allows to satisfy the
boundary conditions on the surface S ;: (p(ro,a )= g(a ), u(rg,a) = h(a), where
2(a), h(a) are arbitrary analytic functions of the variable a.

The above requirements are sufficient for the uniqueness of the solution.

In the polar system of coordinates the equations for the electric poten-
tial reduce to the Laplace equations

Ho? ,10 .1 0% HpPH
Br2 ror 22 aa2H 5 (12)
The solution of the Laplace equation takes the form

Z rhn (An cosA, a+B, sin }\na)
n=N

where 1, is a sequence determined from the condition of existence of a non-
trivial solution satisfying boundary conditions on the crack surface, A,, B
are arbitrary constants, some of them determined from the boundary condi-
tions on the crack surface, the other necessary for satisfying the boundary
conditions on the surface S;, N is an integer determined from the energy
existence condition.

The following local solution for an electrostatic field has been obtained:

1) the vacuum crack

(o] [o0)
- n-1 v v - n-1 v
E, = Zr (An sinna + B, cosna), E = Zr B,
n=1 n=1
) - e 2
—_ n—-1 v _ U - —_ n—]_ v
E, = zr (An cosna - B, smna), E, = Zr nA,".
= 0 n=1

2) the perfectly conducting crack

o n_ 0 N_
E, —er2 A smza E, zr2 A COSEO{ E=0.

3) the conducting crack

||M8

n_

"4 B o
@' c cosna +r2 dn sin%a@T Er = Zrn_lcw
10 0 =
H ,

”10 sinna+r2 d cosn @Ea
2 a

||M8
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where A ", B,", A, ,c,,d, are arbitrary constants, which can be determined

from the conditions on the boundary S; of the neighbourhood of the crack tip.

Inserting constitutive equations (11) for the stresses o, t, 7 into equili-
brium equations (1), the Lamé equations for the displacements are obtained

u 0 0o Ou, O_
(2, ggiru %?T%(ma)_aag__r
0o o« O Ou, 1_ (13)
(+20) 770{% Eﬁ- arDr (ua) aa% a

where A, u are material constants, depend on the electric field.

oE ) oF oE
F, :(2‘12+a5)EErr+Ea aa E F, :(2a2+a5)%'r“—EarE

or r or or

Assuming that the series representing the electric field are absolutely
convergent, we can multiply them and obtain components of the stresses t
and 7 and the electric terms F appearing in the Lamé equations in the
form of the series:

1) for the vacuum crack

t+1= ir”_lTnU(a), F= ir”_anv(a),

n=1 n=1
2) for the perfectly conducting crack

o n_

o n_
t+c= yr2 T,[) F= yr2 F, (),
n=0

n=0

3) for the conducting crack

o N o N
t+1= 3 r2 T, @) F=Yr2 F,@)
n=0 n=0
The functions describing the electric stresses have no singularities at

the tip of the vacuum crack. At the tip of the conducting and perfectly con-
ducting cracks there are singularities of the order r1. The admissible singu-
larity of the displacements from the point of view of the energy existence
condition is r"V/2, If the expressions received in the formal way for the elec-
tric stresses are taken into account, the energy condition concerning the
energy of coupling will not be satisfied. For this reason a definition of physi-
cal electric stresses is introduced.
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Definition: The parts of the expressions obtained on a formal way for
electric stresses, which generate physical displacements and satisfy the ener-
gy existence condition, are called physical electric stresses.

This leads to neglecting the terms of the order r1 in electric stresses
and the corresponding terms of the order »2 in F, in the case of the con-
ducting and perfectly conducting crack.

The functions representing the local solution for the displacements ge-
nerated by physical electric stresses are obtained as a series of the form:

1) for the vacuum crack

o N 00
u= zr2un(a)+ Zr”wn(a),
n=1 n=1

2) for the conducting and the perfectly conducting crack

o N 0 N
u= zr2un(a)+ Zr2wcn(a).
n=1 n=1

The first addend of the sum of the series represents a solution of the
homogeneous Lamé equations. Each function coefficient u, contains two ar-
bitrary constants, which can be determined from the conditions on the bo-
undary of the considered domain S;. This part of the solution is the same
for the vacuum and the conducting cracks. The second addend represents
a function satisfying the non-homogeneous Lamé equations. The function co-
efficients w,, w®, depend on the parameters of the electric field in a dielec-
tric. The coefficients denoted symbolically w€, differ for the two types of the
conducting crack. The most important part of the solution from the point of
view of the fracture energy are terms of the order r1/2. These parts of the
solution describe the behaviour of displacements in the vicinity of the crack
tip for r<<l. The functions are of the following form:

1) the vacuum crack

1
ur:r§ 1 +5I'lsing+sin§a D, +5I'lcosg+3cos§0( +O(r1),
A+pu 2 2 A+pu 2 2
1
ua:rE 1 A+7'ucosg+cos§a D, A+7using+35in§a +O(r1).
A+u 2 2 A+ 2 2

2) the perfectly conducting crack
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1

u, :rE[C ysm—+sm 0{ D, cosg+3cos—
A+u A+u 2

2a, + 2 +
Q u Mg 2 3A+7u A+5u 2

+0(r1),

1
ua=r2[C Wcos—+cos— %DIWsm—+SSm GE
A+u

§2az+a a 10 2a, ta _3A+4u A+2pu
+ A A G2 —Osin-——[g; +e+ 25 a
142 - s 2 3A+70 A+Bu nz H

1
ur:rQ[C1 A:5:sin%+smgaa+Dl% +3cosgaE
ar +2a
+cydy 5 72 ing l ( 2a2) A+3u —a5—¢&
3A+Tu 2 u i3A+7uRA+5ui

3
2
[ +2a 5 T2
+d1c12|:-l5—200s£+l 92 IZBAHL“ A+2u 2a5 +2aq9 +€
2 U 2 EBA+7u A+5u

D]]I:H:I

L\'JIC;O

1
ua=r2[Cl A+7ucos—+cos§a D, A+ 7usm—+351n3a
A+u 2 2 A+ 2 2

+cqd @3—54-2(12 cos—+— (A+3IJ) —a5 —¢& § E
lE A +5u 3A+7u)(/\+5u) 2%

2 5+2
+d1d2%L% a ]_ a2 FB/\+4“ A+2u%2a5+2a2+£ lnﬁaD
GA+5H 2 u 2 FBA+7u A+5u 2

+O(r1).
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The part of the functions corresponding to the solution of the homoge-
neous Lamé equations is analogous to the classical Williams solution for
a pure mechanical case WiLLiaMs (1957). In the case of the vacuum crack,
the electric field influences displacements and the mechanical part of the
stresses throughout the arbitrary constants C;, D;. In the case of the per-
fectly conducting crack, the appearance of the arbitrary constants A;, A o
present in the solution for an electric field in the terms of the order r!
and 9 shows, that the electric field influences directly displacements in the
vicinity of the crack tip. Similarly in the case of the conducting crack, whe-
re the arbltrary constants ¢y, dy, dy, connected with the terms of the order

V2 and r9 in the solution for the electric field, appear.

Fracture criterion in the Irwin form

The generalized fracture criterion formulated in section 2 is valid for
the vacuum crack and the perfectly conducting crack. If a finite conductivity
is taken into considerations, the criterion needs reformulation, since ther-
mal effects that should not be neglected are related to the electric current.
As it results from experiments, thermal effects take a considerable part in
the electromagnetic fracture. This was the reason why the author launched
investigations on the cracks of finite conductivity.

If the local solution in the vicinity of the crack tip for an electro-elastic
field is inserted into criterion (10), then after integration and application of the
limit procedure, a fracture criterion being a generalization of the Irwin crite-
rion for electric fractures is received. In the case of the vacuum crack the form
of the criterion is analogous to that in the mechanical case (IrwiN 1957)

A+2
ATSH gK u P (kM 11)2
4uA+y
where KM I KM 7 are mechanical stress intensity coefficients
KMp=lim, _ Vo2mo,,(r.m) KMy =lim, ,v2mo,,(m) (14

In the case of the vacuum crack, the mechanical stress intensity coeffi-
cients depend on the arbitrary constants appearing in the local solution for
displacements

KMy =2uy2nC,, KM =2uy2nD;.

In the case of the perfectly conducting crack the criterion is of the form
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A+2” gKMCI)Z +(gmey POt D}qu+5)‘+13“Et’ﬁ’MCHKME
4p(r +p) & ou BA+u 8(A+3u)0

1 [A+2u A+u uc E 5A+13u ME
" ou A+u+4(/\+3u)§{ K ”+16u(A+3u)(K uf

TA+15u ME E A+pu £ 9 _
+716H()\+3H)K nK H+8u()\+3ll)(K 11)2+51 y.

In the case of the perfectly conducting crack, the mechanical stress co-
efficient KM g7 consists of two parts. The first depends on the arbitrary con-
stant D; as in the pure mechanical case and in the case of the vacuum
crack, the second depends on the parameters of an electric field in the vici-
nity of the crack tip

KMy =KMCp + KME

1 H] A+3u 3A+5u
MCy =2uy ME; =— +e)+ + - -
K" =2puvy2nD,, K"*n 2 21A A, g(% s) (2a5 ag )% A+5u BA+TiE

The coefficient KEH is an electric stress intensity coefficient defined as
follows:

KE1 =tim, o Sl g b)),

From the local solution for an electric field and the constitutive equ-
ations it results:

KEj = —\EAlAz (a5 +€).

The symbol I denotes electric field intensity and is here defined as follows:

Vi -

I E—Thmr_,or 2(p(r,7'[).

In the case of the perfectly conducting crack it depends on the arbitrary
constant connected with the singular part of an electric field:

Jr
I=——A,.
2 1
The criterion in the Irwin form is convenient in applications, if intensi-
ty coefficients are known. They can be determined experimentally or analy-
tically. A method for analytic determination of intensity coefficients for a se-
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mi-infinite crack in an isotropic, homogeneous elastic dielectric has been
presented in KURLANDZKA (1982, 1988, 1991). The method is useful in numeri-
cal applications. It was formulated for a dynamical case of fields varying in
time, but it can be applied to static cases as well.

Conclusions

It results from the above considerations that an electric field influences
the fracture of elastic dielectrics. Analysis of the generalized Irwin criterion
shows that in the case of the vacuum crack and the perfectly conducting
crack, the form of the criterion differs. In the case of the vacuum crack it is
analogous to the criterion in the mechanical case. It results from the fact
that an electric field and electric stresses have no singularities at the crack
tip. An electric field influences the fracture process only through the mecha-
nical stresses which it generates. Then in this case the method consisting
of a comparison of stress intensity coefficients with their critical values can
be applied for the estimation of the possibility of fracture. Otherwise in the
case of the perfectly conducting crack where an electric field influences the
fracture not only throughout generated mechanical stresses, but also direc-
tly by electric stresses and by itself. The conclusion is that the influence of
an electric and electromagnetic field should be taken into account in the
fracture process. In a critical state of the crack, when even a small impulse
can initiate crack propagation, it can play a decisive role.
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