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Abstract

The particular problem of the order of singularity at the vicinity of the triple point of
contact of three wedges made of the same (rotated) materials is considered.

The order of singularity 4 changes with the change of the opening angle ¢ and the wedge
rotation angle y of at least one material. Relations A—p for different sets of elastic constants
corresponding to the composites of the epoxy resin and kevlar fiber, epoxy resin and boron
fiber and the real metallic cubic crystal (aluminium and tungsten) have been studied. The
real solutions were taken into considerations only.

General cases of the lack of symmetry were considered. Modes of stress distribution for
different values of 1 were found. It is not difficult to notice that neither of them describes
symmetric nor skew-symmetric stress field.
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Stowa kluczowe: anizotropia sprezysta, osobliwosci p6l naprezen.

Streszczenie

W pracy rozpatrzono problem rzedu osobliwo$ci 4 w otoczeniu wierzchotka potréjnego
punktu kontaktu trzech klinéw wykonanych z tych samych (obréconych) lub réznych ortotro-
powych materialow linowo sprezystych. Zbadano przebiegi zmiennosci rzedu osobliwosci 4 ze
zmiang kata rozwarcia klina ¢ przy réznych katach obrotu iy przynajmniej jednego
z materiatéw i dla roznych kombinacji statych sprezystych odpowiadajacych takim materia-
fom, jak: kompozyt zywicy epoksydowej i wiokna kewlarowego, kompozyt zywicy epoksydowe;j
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i witékna borowego, rzeczywisty krysztal metaliczny w uktadzie regularnym (aluminium
i wolfram). Poszukiwano rozwigzan o rzeczywistych wartosciach 4.

Dla wybranego przypadku niesymetrycznego znaleziono rozklady naprezen odpowiadaja-
cych wartoSciom 4. Rozklady te nie wykazywaly symetrii ani antysymetrii.

Introduction

Strength of singularity at the tip of the orthotropic wedge embedded into
infinite two-dimensional elastic orthotropic body was considered in the Part
One of the previous paper (Brinowski and WIEROMIEJ-OSTROWSKA (2005)).
Considerations were restricted to the wedges symmetrically oriented with
respect to the axes of orthotropy. They concerned mainly, the relations betwe-
en the order of singularity and the wedge opening angle and/or elastic proper-
ties of materials. Mixed boundary value conditions were assumed: continuity
of both, tractions and displacements at the interfaces was demanded.

Two modes of the stress distribution corresponding to different values of
A symmetric and skew-symmetric were found. For the case of nearly isotro-
pic materials the quantitive results roughly repeated these obtained by the
authors for isotropic materials reported in the paper by BriNowski and
WikroMIES (2004), where the symmetries of solutions were assumed in ad-
vance.

In the Part Two of the mentioned paper the considerations were genera-
lized on the wedges arbitrarily oriented with respect to the axes of orthotro-
py and on the complex solutions A = a + ib as well.

It was found that the real solutions for 1 are solitary in the complex
plane, no complex solutions corresponding to the finite elastic energy in the
vicinity of the wedge tip (0<Rel<2) were found.

The particular problem of the order of singularity at the vicinity of the
triple point of contact of three wedges made of the same (rotated) materials
is considered in the present paper. Solution of such a problem may bring a
valuable contribution into understanding of material fatigue process. Mathe-
matical treatment of such a problem does not differ from the used in the
previous papers by Brinowskl and WIEROMIEJ-OSTROWSKA (2005) and (2007).
The only difference consists in the use of larger 12 x 12 matrices.

Formulation of the boundary value problem

As it has been already mentioned, we shall focus our attention in the
present paper on the mixed boundary value problem assuming continuity of
displacement fields as well as the normal and tangential stresses at the
interfaces in the vicinity of the point of contact of three wedges.

We shall consider the general non-symmetric problems: compare Figure 1.
All quantities in the domain of the first material will be noted using the
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Fig. 1. Orientation of the triple point of contact of three wedges made of the same (rotated) or
different materials with respect to the observer frame axes {y;, y,}

— (oM — y1) the angle between the first material axis of ortothropy and I-II interface

— (@M — y™) the angle between the second material axis of ortothropy and I-II interface

— (p!LII _ 1) the angle between the second material axis of ortothropy and II-III interface
— (p!LII _ Iy the angle between the third material axis of ortothropy and II-IIT interface
— (pMLI — 1) the angle between the third material axis of ortothropy and III-I interface

— (LT — yl) the angle between the first material axis of ortothropy and ITII-I interface.

Roman number one (I), while for the second and third material indices II
and IIT will be used.

The complete set of the boundary value conditions must be taken as
follows:

I 1
g g =y gy =0 . o .
, i —displacement continuity for I-II interface
gy gr —Ugr 1 =0

O ot 11 — O ot i1 =0
?0 ’ ;0;0 ’ —traction continuity for II-I interface
O o111 —Crpr,n =0

1 Jiit
Uy 11 —Upgr gir =0 ) . .

’I . ’ VIH’ — displacement continuity for II-III interface (1)
Uil 111 —Yoll 1l = 0



98 Aleksandra Wieromiej-Ostrowska

O ot 111 —C gt 111 =0
M e —traction continuity for II-IIT interface

I o
O ot 111 = roir,i =0

1 1
pggr 1 = Upprr,p =0 . . .
- m — displacement continuity for III-I interface

1 I
ugrir,; —Uerr,; =0

b/ I -0
Sopitr,1 = ol 1 = . o .
— traction continuity for III-I interface

1 I
O roiil,1 ~Oreur,; =0

where o, and 0,,are the transversal and tangential stresses in polar co-
ordinates, (fule u, and u  denote the radial and transversal components of
the displacement ﬁeld

Conditions (1) and relations (29) from the paper of BLinowskl and WIERO-
MIEJ-OSTROWSKA (2005) generate the following homogenous system of twelve
equations for the determination of the unknown multipliers in the linear
combinations of four particular solutions (A;, A,, B;, B,) for the all three
materials I, II, III.

Ax=0 (2)

where x =

Regarding the terms of the matrix A — see Appendix.
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Results and conclusions

As one can expect the order of singularity A changes with the change of
the wedge opening angle ¢ and of the wedge rotation angle y of at least one
material. Calculations have been done for different values of the elastic
constants corresponding to some composites: epoxy resin and kevlar fiber,
epoxy resin and boron fiber and for the real metallic cubic crystal (alumi-
nium and tungsten). The real solutions only were taken into considerations
only.

Some particular problems were solved. For the first of them the elastic
properties of material corresponded to the composite of the epoxy resin and
kevlar fiber. The wedge opening angle ¢, of the first material varied within

T
the interval <P1€(0,2). For the second material the opening angle was

taken ¢, = m, for the third material the opening angle varied corresponding
to change of the first one (p; + ¢4 = ©)1. The first material was symmetrically
oriented with respect to the symmetry plane of the body, the second material

of the wedge was rotated by the angle y, = %n , while the third material was
rotated by the angle y; :—gn . For given angles of rotation a single solu-

tions only for the wedge opening angles ¢, within the interval (1”2,72[] was

found, while no solutions for ¢, within interval (O,—lﬁz] was observed, see

Figure 2.

T
Similar problem for the same material and different angle ¥ = 5 was

studied. No solution was observed in this case.

The same problem was considered for composite of epoxy resin and boron
fiber and no results were obtained.

For the case of the boron-epoxy composite and the geometry correspon-
ding to the first problem double solution for the wedge opening angles

¢, € (0.18,0.7) were found. For ¢, € (0.04,0.18) and ¢, € (0.18,0.7) single solu-

1 We adopt the following notation:
L 1Ll L LI VINI/BENN]
Q=07 97, Q=07 @ Q3= -

>
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Fig. 2. The point of contact of three wedges made of the same (rotated) materials correspon-

ding to the composite of the epoxy resin and kevlar fiber, compare Table 1.
The order of singularity A versus opening angles ¢, and given wedge rotation angles .

Table 1
Elastic constans E, E, Y1 Yo V3
Material I 91.1 15.87 0.59 4.01 2.92
Elastic constans E,; E, Y1 Yo Y3
Material IT 91.1 15.87 0.59 4.01 2.92

tions were found while no solutions were observed at the remaining part of

T
the interval [O’ZJ’ see Figure 3.

b
For the same case with the first material rotated by EE the results were

qualitatively similar: compare Figure 4. This makes a difference with
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Fig. 3. The point of contact of three wedges made of the same (rotated) materials correspon-

ding to the composite of the epoxy resin and boron fiber, compare Table 2.

The order of singularity A versus opening angles ¢, and given wedge rotation angles .

Table 2
Elastic constans E, E, Y1 12 V3
Material I 266.9 16.6 1.05 3.79 2.82
Elastic constans E, E, Y1 Yo V3
Material 11 66.5 9 0.6 4.51 3.27
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Fig. 4. The point of contact of three wedges made of the same (rotated) materials correspon-
ding to the composite of the epoxy resin and boron fiber, compare Table 2.
The order of singularity A versus opening angles ¢, and given wedge rotation angles .

respect to the case of kevlar-epoxy composite, where solutions disappeared
under such a rotation.

For the case of the real metallic cubic crystal (aluminium and tungsten),
where the point of contact of three wedges made of the same (rotated)
materials was considered, under the same geometry as in the problem
depicted in the Figure 2. No real solution for A from the interval (0,1)
corresponding to finite elastic energy was observed.

For the symmetric problems considered in paper Brinowskl and WIERO-
MIEJ-OSTROWSKA (2005) the symmetric and skew-symmetric distributions of
stress have been found, while for the non- symmetric problems (considered
in paper Brinowskl and WIEROMIEJ-OSTROWSKA (2007)) two non-symmetric
distributions of stress have been found.

In the present paper the lack of symmetry of the boundary value pro-
blem yields two non-symmetric solutions as well.

For the case of the point of contact of three wedges made of the same
materials corresponding to epoxy-boron composite for the first wedge ope-

ning angle ¢, =%n:, the second wedge opening angle ¢, =7 and the first
b
material of the wedge rotated by the angle ¥ =3 the second material of
2
the wedge rotated by the angle v, =§7r, while the third material of the

2
wedge was rotated by the angle V3 = —575 one obtains: A; =0.088, while the

corresponding eigenvector is the following:
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[O.10;—0.58;0.04;—0.006;0.21;—0.17;0.05;0.001;—0.08;—0.74;0.009;—0.002]2, for the se-
cond value of A, =0.189 the corresponding eigenvector looks as follows:

[-0.30;—0.47;0.01;0.02;— 0.56;— 0.36;0.03,0.012;0.28,—0.37;—0.02;0.019], compare

Figure 4. It is not difficult to notice that neither of them describes symme-
tric nor skew-symmetric stress field.

From the results mentioned above no firm conclusions concerning the
existence and the number of solutions as well as for the strength of the
singularities can be formulated at the present stage of study of that subject.
For particular combinations of the materials employed in engineering con-
structions the problems must be separately solved for every case under
consideration.
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Appendix

For reference, we shall expose here explicit expressions for the compo-
nents of the matrix A. For the sake of brevity we shall subdivide our matrix
into nine square submatrices as follows:

Al A? 0
A=l 0 A3 A%
A 0 AS

For submatrix Al one can write:

2 Zeros at the even positions in eigenvectors of the matrix A describe the symmetric stress of
distribution, while zeros of the odd positions corresponds to skew-symmetric of the stress
field.
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i (y{)z + (751)2 —2(73])2 Im(q)]’]] _WJJ_/L%])COS((DJ,H _y! )+
A =— " JE
I I I
v (7/1 )2 - (ng —2(7/3 )2 Re(q)]’H —y/],l—/l,y{)sin(gol’” —'I/])
- (71])2 + (751)2 —2(73])2 Re(q)]’H _WJJ_/L%])COS((DJ,H _y! )_—
A, = "2 JE
v (7/1])2 - (7522 —2(7/3])2 Im(q)],]] 'l a-ayl )sin(q)]’]] —'I/])
L 72
_(y{)z - (7522 —2(73])2 Im(q)]’]] i ay )cos(q)]’]] —V/])+
Ay =— " JE!
I I I
. (7’1 )2 + (77’/211)2 —2(7/3 )2 Re(q)l,ll B EERY, )sin(q)]’]] —'I/])
_ (y{)z - (7522 —2(73])2 Re(go]’” iyl )cos(q)]’]] —V/])
Ay = n JE
Y (7/11)2 + (7%)2 —2(7/3])2 Im(q)l,ll B EERY, )sin(¢1,11 _W])
4
i (y{)z + (751)2 —2(73])2 Im(q)],u RN )sin(q)]’]] —V/])—
Ay = " JE
v (7/11)2 - (7522 —2(7/3])2 Re(q)]’” i ayl )cos(q)]’]] _W])
L V2
i (y{)z + (751)2 —2(73])2 Re(go]’” 1= Ayd )sin(q)]’]] _y! )+
Ayy = 12 JE
- (711)2 - (7522 —2(7/3])2 Im(q)l,ll —yla-ay! )cos(q)]’]] _W])
L V2
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A3 =

14
Ayy =
A3 =1 Im((PI T —y! 24,y )
Ay =-y{ R e(‘PI Ty 2- 29 )
Ay =—73 1 m(‘PI Tyl2-2, ?’2)

A4 ==72 Re(‘PI Ty'2-2y; )

m =|:(7/11)2 Re((p”” RN )cos((pul —WI)— " Im((p[’H EEERY. )sin((p“’ —1//1)
A :—[(y{)z Im((pI’H —wl,l—/l,yll)cos((pl’ll —1//1)+y11 Re((pI’H —wl,l—/l,y{)sin((pl’ll —wl)

Ay = [(yzl)z Re((pI’H —yl - )COS((pI,II _WI)_ / Im((pI’H RPRETRY, )sin((pI’H _WI)—

B e )
(7’1)2 (}’ )2 (?’ )ZRe( ”’—w’,l—z,yg)cos((p’»”—y/’)

—1//1 NE /”t,yzl )sin((p ’

(7)2 (7)2 (yl)zIm((pI°H—w’,l—/l,y{)cos((plﬂ—y/’)

JE",

_V,I)J,
/ET,

>

m :_[(yzl)z Im((pI’H 1Ayt )COS((pI,II _WI)_H/ZI Re((pI’H Ayt )sin((pI’H _WI):|)

The elements of remaining submatrices can be obtained easily by the

following modifications of matrix Al:

« for matrix A2 variables E’ 47, )i,y

11

* matrix A3 can be obtained from A! by replacing variable ¢’

(2D VlII»Vg and signs of all terms should be changed,;

@' and variables E' y’, y{,y4 should be replaced with g7 y”

should be replaced with £

with

II 1,
s V2 7
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« for A% one should replace in A2 variable (p] I with (pH A 4 on and

variables £ 4/, ' )i should be replaced with g 4/ i it

* matrix A5 can be obtained from A! by replacing variable ¢’/ with
11,1
o,
« matrix A® can be obtained from A2 by replacing variable ¢/ with

o™ and variables E” o, T should be replaced with

oo ul ur
ET 97,1 »»m



